Preliminary Version 



On the Asymptotics of Quantum Group Spinfoam Model 



You Ding° Muxin Han" 

I Centre de Physique Theorique , CNRS-Luminy Case 907, F-1S288 Marseille, France 

o 

5—1 Abstract: Recently a quantum group deformation of EPRL spinfoam model was proposed in [1] by one of the authors, 
and in [2] by Fairbairn and Meusburger. It is interesting to study the high spin asymptotics of the quantum group 
spinfoam model, to see if it gives the discrete Einstein gravity with cosmological constant as its semiclassical limit. In 
this article we propose a new technique, which can simplify the analysis of the high spin asymptotics for quantum group 
^ spinfoam vertex amplitude. This technique can generalize the spinfoam asymptotic analysis developed by Barrett, et 
al to quantum group spinfoam. As a preparation of asymptotic analysis, we define and analyze the coherent states and 
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coherent intertwiners for quantum group, which has certain "factorization properties" . We show that in the high spin 
limit of quantum group spinfoam, many q-deformed noncommutative ingredients become classical and commutative. 
In particular, the squared norm of coherent intertwiner and the (Euclidean) vertex amplitude become integrals on 
classical group, while there are some additional terms (written in terms of classical group variables) make quantum 
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^\ group corrections to the usual (classical group) coherent intertwiner and vertex amplitude. These quantum group 
correction terms turn out to be proportional to the deformation parameter, which hopefully gives the cosmological 
term as its semiclassical limit. 
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1 Introduction 

The infra-red divergences of spinfoam models are often regularized by the deformation of spinfoam model from a 
classical group to a quantum group (see [3, 4] for an introduction of quantum group), while the quantum group 
spinfoam models are expected to give the discrete gravity with cosmological constant as its semiclassical limit. For 
3-dimensional gravity, the Turaev-Viro model [5] is a deformation of the Ponzano-Regge model [6] by the quantum 
group Ug(su2) {q is a root of unity). The partition function of the Turaev-Viro model are finite and defines some 
invariants of 3-manifolds, because there is a quantum group cut-off of the admissible spin j f on each face. Moreover, 
the semiclassical limit of Turaev-Viro amplitude gives the 3-dimensional Regge action with a cosmological constant [7] . 
In 4-dimensions, the Crane- Yetter spin-foam model [8] is a deformation of 4-dimensional SU(2) BF theory (the Ooguri 
model [9]) by Ug(su2) {q is a root of unity). Similar to 3-dimensional case, the partition function of the Crane- Yetter 
model is finite and defines a topological invariant of 4-manifolds [10]. Moreover the Crane- Yetter partition function is 
also a partition function of 4-dimensional SU(2) BF theory with a cosmological constant. 

The lessons from 3-dimensional gravity and 4-dimensional topological field theory suggest that the quantum group 
deformation of 4-dimensional spinfoam models for quantum gravity gives a finite partition function, which can also be 
considered as a spinfoam model for quantum gravity with a cosmological constant. Such an idea was first suggested 
in [11], where the Uq(su2) spin- networks and its geometric operators were studied. Then in [12], a quantum-group- 
deformed Barrett-Crane model was proposed, and was shown that the resulting spinfoam partition function is finite. 
Recently the quantum group deformation of EPRL spinfoam model was proposed in [1] (Lorentizian case) by one of 
the authors, and in [2] (Lorentzian & Euclidean) independently by Fairbairn and Meusburger, where it was shown 
that such a quantum group deformation also gives a finite spinfoam partition function. Then the next task is to study 
the high spin limit of the quantum group spinfoam model, in order to see if it gives the discrete Einstein gravity with 
a cosmological constant. 

The present article contributes as a first step toward the high spin asymptotic analysis of the quantum group 
spinfoam model. The conventional high spin analysis for the Turaev-Viro model uses the asymptotic behavior of the 
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quantum 6j symbol, which is obtained by its recursion relation (see [7]). But it is difhcult to generalize this technique 
to 4-dimensional spinfoam models. Here, however from the lessons we learned from the asymptotic analysis for classical 
group EPRL spinfoam vertex in [13] developed by Barrett et al, we propose a new technique to analyze the high spin 
asymptotics for quantum group spinfoam vertex amplitude, which can generalize the method in [13] to quantum group 
spinfoam model. 

In order to generalize the high spin asymptotic analysis in [13] to quantum group case, a first step is to generalize 
the notion of Perelomov's coherent state to quantum group. Such a generalization was developed in [14] for general 
compact quantum group, and in e.g. [15] for Ug(su2). However here we will present an independent derivation for the 
coherent state on the quantum group SLg(2) by using the SLq(2)-comodule-algebra and quantum plane^. Within this 
derivation we show a manifest "factorization property" for the quantum group coherent state, which is crucial for our 
analysis of high spin asymptotics. 

However once we look into the properties of quantum group coherent state, we immediately see a potential 
mismatching problem: From the asymptotic analysis in [13], an SU(2) coherent state \ j, n) corresponds to a vector jn, 
which is a face area vector of a classical tetrahedron in the classical (commutative) boundary geometry. However in 
[15], it was shown that the Ug(su2) coherent state peaks at the geometry of a q-sphere [16], which has non-commutative 
structure. What we want to find from the quantum group spinfoam model is a classical gravity with cosmological 
constant. Thus the boundary geometry must be a classical commutative geometry, although it is curved by the 
cosmological constant. Therefore conceptually, we have a potential mismatching problem between a noncommutative 
q-geometry and a classical curved geometry. 

The noncommutativity of quantum group leads to another possible technical problem for the asymptotic analysis: 
For the usual EPRL model with classical group, in [13] the asymptotic analysis was done by using the stationary phase 
approximation, since the vertex amplitude there can be written as a Haar integration over classical group (Spin(4) 
or SL(2,C)). However in the case of quantum group, although the vertex amplitude can be written as a quantum 
Haar integral, the integrand is a noncommutative function on quantum group, and moreover, the quantum group 
Haar integral can only be understood as a linear functional on the space of noncommutative functions on quantum 
group, rather than a usual integral. Therefore we have a technical problem about how to make the stationary phase 
approximation in the context of noncommutative structure from quantum group. 

In the following we develop an approximation scheme for the high spin limit to solve both of the above two problems. 
We find that fortunately, in the high spin limit of the quantum group spinfoam model, lots of noncommutative quantum 
group ingredients become classical and commutative in a certain sense. Take the Euclidean quantum group vertex 
amplitude^ as an example, we can make a certain power expansion with respect to the quantum group deformation 
parameter w, where we find that the leading term is nothing but the contribution from the classical group spinfoam 
vertex, and there is also a full tower of quantum group corrections. Moreover in the high spin limit: 

1. The leading term and all the quantum group corrections become the commutative functions on classical group. 

2. The quantum Haar integral recovers the usual Haar integral on classical group. 

3. The leading contribution of the quantum group corrections in the high spin limit is proportional to the defor- 
mation parameter w, which is the lowest order correction from the quantum group. 

Finally it turns out that the resulting high spin asymptotics coincide with the following classical integration (an 

^Actually the coherent state we define here is slightly different from the one introduced in [15]. we can see the difference from their 
over-completeness relations. 

^In the following, we define an Euclidean spinfoam vertex amplitude using the quantum group SLq(2) with q an arbitrary complex 
number. However in our opinion, if we restrict ourself to the case of g a root of unity, the Euclidean vertex amplitude defined here would 
coincide with the one proposed in [2]. 
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effective vertex amplitude) 

X,off= f eS.i+'^X (correction) _ 



If we take u> — 0, the above formula becomes / dg e'^"^ , which is the usual (classical group) EPRL spinfoam vertex 
amplitude. Further research should be carried out on the stationary phase analysis of the above integral, where the 
quantum group correction should deform the stationary point for the classical group EPRL spinfoam vertex, which is 
expected to make the 4-simplex curved. 

2 Quantum Group and Coherent State 
2.1 Quantum Groups SLg{2) and SUg(2) 

First of all, we introduce some conventions and notations, we define a complex deformation parameter q = e~" G C. 
The quantum groups recover the corresponding classical groups as g — > 1 or w — > 0. Given an complex number z G C, 
the deformed q-number [z] is defined by 

H - ^ (2.1) 

q- q 

As g — > 1, the deformed number recovers its classical limit, i.e. limg_j.i[z] = z. For any non-negative integer n, we can 
define the deformed factorials 

[0]! = 1 [n]!:=[l][2]...M (2.2) 

The Hopf algebra U<j(s[2) is an universal enveloping algebra generated by four generators q^''' and J± with the 
algebraic relations 

q±J.qTJ. = 1 qJ^J^q-J^ = q±^J^ [J+, J_] ^ ^^'^ ' g""' (2.3) 

q - q-^ 

The comultiplication A : Uq(s[2) — ?> ^q{&h) ® Ug(s[2), as an algebra morphism, is defined by 

A(g±'^0 = q^^' ® q^-'" A{J±) = q^'^' ®J± + J±® q^' (2.4) 

The counit e : Uq(s[2) C, as an algebra morphism, is defined by 

£(J±)=0 e{q^-'') = l (2.5) 

The antipode S : Uq(s[2) Uq(sl2)°^ as a bialgebra morphism, is defined by 

S{.U)^-q+\j+ S{J^)^-q-\j^ S{q^-'^) ^ q^'^ (2.6) 

If g = e""^ is real, the Hopf ik-algebra Ug(su2) is defined by the Hopf algebra Ug(s[2) implemented with a ★-structure 

(q'^y^q'' Jl = J^ (2.7) 

As g — 7> 1, the quantum groups Ug(s[2) and Ug(su2) recover the universal enveloping algebras U(s[2) and U(su2) [3]. 

The quantum group Ug(su2) is a ribbon quasi-triangular Hopf algebra. A quasi-triangular Hopf algebra A has a 
extra structure which is a invertible element R. Cz A<E) A satisfying some conditions [3]. R is called a universal R-matrix. 
Let's write R ~ a-i ® bi, then the element u = S{bi)ai is invertible, its inverse u^^ = S^'^{bi)ai (assuming 
the antipode is invertible). Then we have for all x £ A 

S^{x)^uxu-^ A(u) = (u® u)(i?2ii?)"^ = (i?2ii?)"^(u«)u) (2.8) 



jg ^-j-^jj "opposite" Hopf algebra defined by reversing the multiplication of H, while H'^°P is the "coopposite" Hopf algebra defined 
by reversing the comultipliction of H. 
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A quasi-triangular Hopf algebra A is a ribbon Hopf ★-algebra, if and only if there exists an invertible central element 
9 such that 



A{9) ^ {R2iR)-\e 9) e{9) = l S{9) = 9 (2.9) 

A useful element ^ is defined by ^ = O^^u, it will be used to define the quantum trace, as will be seen later. For the 
quantum group Ug(su2), the universal R-matrix is given by"*^ 

oo ^ 

j^^q2j.<^J.^i^~y)i,-'^J^<^J-<i-'n ^^^^^ e^=y«-^_L^ (2.10) 

and the central element 9 and the element /i is given by 

9 = q^'' fi = q^-^' (2.11) 

where Cq is the quantum Casimir element which will equal —2K{K + 1) on the unitary irreps of Ug(su2). 

The unitary representations of Uq(su2) are completely reducible, and unitary irreps are completely classified by 
a couple (cj, K) G {1. — 1} x ^N. The appearance of uj comes from the existence of the automorphism of Ug(sU2) 
defined by Tujiq"^') — i^q'''' , t^{J+) = uj'^J+ and Ti^{J-) — J_, which doesn't have classical counterpart. In the 
following we only consider the unitary irreps with oj ~ 1. We denote by /rr(Ug(su2)) the set of all equivalent classes 
of unitary irreps with ui = 1. Each of the unitary irreps G /rr (Ug(su2)) is labeled by a negative half- integer K (a 
spin). The carrier space is denoted by Vk which has dimension 2K + 1. The representation of Ug(su2) on Vk is given 
concretely by 

n^{q'^) = g™ ^^(J±) e,^ = ^[K ± m + l][K T m] e^^, (2.12) 

where (m = —K, ■ ■ ■ ,K) is the canonical basis. Given M G End{VK), the quantum trace trg(M) is defined by 
trq(M) = tr^A (/i~^Af ). The definition of quantum trace is important for the proper definition of quantum group 
characters. In particular the q-dimension is given by [cIk] = trg(l) = [2K + 1]. 

We have the Clebsch-Gordan decomposition of the tensor product representations, as the case of classical SU(2) 
group 

i+J 

7r^<^7r-^= (g) TT^ (2.13) 

K=\I-J\ 

For any three unitary irreps tt^ , tt'^ , tt^ , we define the Clebsch-Gordan maps ipfj G Hom(yf (g) Vj,Vk) and (/)|/ G 
Hom(l/K, Vi (g) Vj). We define a function Y{I, J, K) 

Y{I, J, A') = 1 if I + J - K, J + K - I , K + I - J e Z+ 

Y{I,J,K)=0 otherwise (2.14) 

When Y{I,J,K) = 0, we have ipfj — 0]/ ~ 0. When Y{I,J,K) ^ 0, 4'fjT4>K ^'^^ nonzero and defined by the 
quantum Clebsch-Gordan coefficients [17]: 




(2.15) 



The properties of the quantum Clebsch-Gordan coefficients is summarized in [17, 18]. 

We define the linear forms it^^ = {^^\'^^ {')\^^) ^ from which we obtain a Hopf 7k-algebra Pol(Uq(su2)) of the 
polynomial functions on the quantum group Ug(su2): 

^The R-matrix and the 9 center are defined because \Jq{svL2) is defined as a topological Hopf algebra, see [3] for precise discussion. 
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The polynomial algebra Pol(Uq(su2)) over U^(su2) is a Hopf Tk-algebra linearly spanned by {u^}/gN.^ 
with the following algebraic relations 



= X! '^K'^^i'fj which implies R{2u{u2 = U2u{r{2 

K 

c 

e{u^t) = Sat ^(1) = 

S{u^,) = Yl < u^d where u;f, = 

c.d 

{u^,r = s{u^,) i.e. u^iu^y = (u'^yu^ = 1 (2.16) 



All the above algebraic relations realize that Pol(Ug(su2)) is the dual Hopf ^-algebra of Uq(su2). 

Pol(Uq(su2)) can equivalently be defined by the enveloping algebra of the matrix elements of u^^^, with the above 
algebraic relations. More explicitly, the quantum group SL^(2) is the Hopf algebra generated by the elements of^ 

u'^' (2.17) 



c 



d 



satisfying the relations 

qab — ba qac = ca qbd — db qcd — dc 

be ^ cb ad — da = (q^^ — q)bc ad — q^^bc = 1 

A{a) = a® a + b<S) c A{b) = b ® d + a <^ b A{c) ^ c ® a + d <^ c A{d) = d ® d + c<Si b 

S{a) = d S{b) = -qb S(c) = -q-^c S{d) = a (2.18) 

The matrix elements u^j^ are polynomials of the generators (a, b, c, d) and form a basis of SLg(2) at lease for the case 
q is not a root of unity (see [4] for the expression for w^f,). 

If we restrict ourself with g e M, the Hopf ^-algebra Pol(Uq(su2)) is given by by the Hopf algebra SL^(2) equipped 
with the ^-structure 

a* = d rf* = a b* = -q^^c c* = -qb (2.19) 
In addition, we can define a norm on Pol(U,(su2)) by 

||a;|| sup||7r(a;)|| V x G Pol(U5(su2)) (2.20) 

7r 

where the supremum is taken over all unitary representations of Pol(Ug(su2)). After the completion of Pol(Ug(su2)) 
with this norm, we obtain a unital C*-algebra which contains the Hopf ★-algebra Pol(Ug(su2)) as a dense domain. 
We denote the resulting C*-algebra by SUg(2), which is an example of compact matrix quantum group defined by 
Woronowicz [19]. 

Given a Hopf algebra a right invariant integral hu (or, left invariant integral /il) of ,4 is a element in the dual 
Hopf algebra A* , satisfying 

{hR(g)id)A^r]ohR or (id /il)A = 77 o ft.^ (2.21) 

On the quantum group SLq(2), there exists a unique left and right invariant integral, namely a Haar integral /isl,(2)j 
satisfying /isL,(2)(l) — 1 [4, 19], it is defined exphcitly by 

hsh,{2) {a^b^ c'' d^) ^0 only if a^S and /3 = 7 

/^SL,(2)((&c)")=(-,)"^^-^ (2.22) 



^In the case that 5 is a d-root of unity, there are additional relations that a^'* = 1. etc. So in this case SLg(2) is a finite dimensional 
Hopf algebra. 
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For (7 e M, /isL,(2) gives the Haar integral of SUg(2), which additionally satisfies 



hsL,{2}{a*) - /isL,(2)(a) V a G SU,(2). (2.23) 
and have similar property /isL,(2) ("ib) — ^i,o ^ classical Haar integral. 
2.2 Comodule Algebra and Quantum Plane 

As a preparation for studying the coherent states of SLg(2), we review briefly the concepts of comodule algebra and 
the coaction of Ug(su2) on the quantum plane, see [3] for a detailed discussion. 

We first recall that a module^ of a algebra A (a ^-module) is a vector space V together with a bilinear map 
{a,v) I— av from A x V ^ V such that a{a'v) = {aa')v (associativity) and Iv — v (unit) for all a,a' G A and v gV. 
A tensor product of two A-modules U <E)V is a, A^ ^-module by (a (X) a'){u ^ v) — au ^ a'v for all a,a' G A, u £ U 
and V V. However if A possesses a bialgebra structure with the comultiplication A and counit e, then U (E) V is 
naturally a A-module by a(u v) :— Aa{u (g) v) — "^(^a) a(2)^ (in Sweedler's sigma notation), and the counit 

equips any vector space V with a trivial A-module structure av — e{a)v. 

As algebras have action on modules, coalgebras have coaction on comodulcs. Given a coalgebra (C, A,£), a 
comodule is a vector space N equipped with a linear map A^r : N ^ C ® N , called the coaction of C on iV, such 
that it satisfies 

(A (g) id)A7v = (id ® An) An (Coassociativity) 

id = (e (g) id)AAr (counit). (2.24) 

Given (TV, An) and {M, Am) be two C-comodules, a linear map / from N to M is a morphism of C-comodules if 

(id ® /) o Ajv = Am o /. (2.25) 

Given {H, m, i], A, e) a bialgebra and M, N two iJ-comodules, we define a linear map Am^n by {tm,h is a flip from 

M i^H to H i^M) 

Aa/oat := (to (K) idM<8iAr)(idff <E tmm ® idAr)(AM ® An) (2.26) 

which endows the tensor product M (g) iV an iJ-comodule structure. 

Given a coalgebra C, its dual space C* then has naturally the algebra structure and vise versa, because of the 
dualities < x,m{x* y*) >:=< Ax, {x* (g) y*) > and < x,l >:= e{x) where x e C and x*,y* £ C* . Given {N,An) 
a C-comodule, its dual vector space N* can be naturally equipped with a C*-module structure and vise versa. This 
duality is deflned by 

<v, {x*v*) >:=< Anv,{x* (»v*) > (2.27) 

Given (iJ, to, 77, A, e) a bialgebra and (A, to^,?;^) an algebra, we say A is an i?-comodule-algebra if (1) A as 
a vector space has an _ff-comodule structure, given by a coaction A^ : A ^ H A, and (2) the structure maps 
niA '■ A (g) A ^ A and 77^1 : C ^ A are morphisms of _ff-comodules, or equivalently, the coaction Aj^ is a morphism 
of algebras. 

The quantum plane is an example of comodule algebra over the Hopf algebra of SLq(2) (with q £ C arbitrary 
complex number). First of all, a quantum plane Cq[x,y] is deflned by the polynomial algebra generated by two 
variables x and y, subjected to the nontrivial commutation relation 

yx = qxy (2.28) 
^An j4-module is also called a representation space of A in representation theory. 
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An SLq(2)-coniodule-algebra structure can be defined on the quantum plane Cq[x,y] = Ahy the coaction A^, which 
can be expressed by the SLg(2) generators a, 6, c, d 

AAix) -.^ a (g> X + b (g) y AA{y) '.^ c (g x + d -S) y (2.29) 

We can also rewrite these formulas in the matrix form 

-(:)-(::)«(:) 

Note that the above definition of the coaction Aa doesn't involve the deformation parameter q, thus also valid for the 
coaction of classical SL(2) on a classical plane C[x,y]. 

It is clear that the elements x^y^ > 0) form a basis in the quantum plane Cq[x, y]. For each x'^y^ the coaction 
is given explicitly by (see e.g. [3]) 

i j / ■ \ /A 



AAix'y^) a^'b'-'^c'd^-' (g)x''+'y'+^-'-' (2.31) 



q'^ \ ^ q^ 



where 



(n), = f^ W = (n),(.-l),...(l), (2.32) 

\ / q 

In particular for and y^ 

AAix"^) ^ {a®x + b®yy AA{y^) ^ {c® x + d® yY (2.33) 

which can be seen immediately from the fact that is a morphism of algebra. 

We denote by <Cq[x,y\n the subspace of degree n polynomials in <Cq[x,y\, thus <Cq[x,y\ is a direct sum of the 
subspaces Cg[a;,?/]„. From Eq.(2.31) we find that each Cg[x, y]„ is a sub-SLq(2)-comodule-algebra. From the duality 
between a C-comodule and a C*-module, we know that as Cq[a;, y]„ is a comodule over SUg(2), the dual space Cg[x, ?/]* 
is a module over Uq(su2), which is isomorphic to the irrep space Vj with 21 = n. In particular, the highest weight 
vector e\ = \I, I) can be defined via the duality between Cq[x, y]„ and Cq[x, ?/]* by 

<x'=^/2/-^e| >=52/,fc. (2.34) 

2.3 Quantum Group Coherent State 

In this section, we define and study the quantum group coherent states as a quantum group analog of Perelomov's 
generalized coherent state on SU(2) [20], in terms of the language of comodule-algebra and quantum plane. Recall 
that for classical SU(2), a coherent state is defined by a action of SU(2) on the highest weight vector 

|j, n) :=^J"(n)|j, j) n e SU(2) (2.35) 

whose component on the basis vector \j, m) are a function on SU(2) by 

vI/,-„,(n):=(j, m|7r^ (n)|j,j) or ** „(„):= (j,j>^"(n-i)|j, m) . (2.36) 

We can find a quantum group analog of \E'*„(n^^) = (j, j|7r-' (n)|j, m) as a polynomial function in SLg(2). First 
of all, we have the isomorphism between Cq[a;,y]2/ and the irrep V/, then (/,/| = (e^j can be identify as the element 
in Cq[a;, y\2i- Actually (/, /| is identified with x^^ because of the duality < x^^, e\ >— 1 and < x^^ , (m ^ T). 

Therefore the quantum group analog of ^E"* „((n^^) = (j, j|7r-'(n)|j, m) can be given by 

<a;2^^^(n)e^ >=< A^(a;2^),(n®e^) > V n e Uq(s[2) (2.37) 

So we make the following definition for a dual coherent state: 



-7- 



= y ( 1 a^+^fo^-™ ® (2.38) 



Definition 2.1. T/ie dwaZ coherent state o/SLq(2) is defined by IS.a{x ) £ SLq(2) Cq[a;, y], where 

which is a quantum group analog of {j, jln^ {n) . 

It is not hard to see that the function 

< AAix''),ei, >=< x'',n'{-)ei, >= {e\\n' {■)\ei,) = ^L(-) (2.39) 

is nothing but a matrix element of the Ug(sl2) irreducible representation. The matrix elements m^„„ G SUg(2) have 
explicit expressions [4, 21]: 

min{/-n,/+m} / \ 

^ ^(n-m+s). Q/+m-.5n-m+.^.^/-«-s (2.40) 



ran 



In particular, 

^L=(/^ 1 «^+"&^^" and ^L=(/^ ) a^+'V-™ (2.41) 

where gives the explicit expression of < Ayi(x^^), >. Then w|^(-) is a quantum group analog of (j,i|7r'' (-)|j, m) 
for classical SU(2). Therefore clearly the quantum group analog of (j, n|j, m) = l^j , j\'n^ , m) (n € SU(2)) is the 
following object in 'SLq{2) 

^("L)=(/^ ) 5(6)'-™5(a)^+™ = ( I (cY"™(a*)^+™ = (O* (2.42) 

where the second and third equalities hold for SUq(2) with (7 e M. 

Now we give a definition of the coherent state of SLg(2)' (with q an arbitrary complex number) 

Definition 2.2. A SLq(2) coherent state of the irreducible representation Vj is an element in SLg(2) (8) Vj, denoted 
by \I, u) such that 

|/,u):= ^ uUl,m)= El/) a^+™c^-™|/,m) (2.43) 

ni—~I m— — I \ / g2 

where the label u means the quadruple {a,b,c,d). On the other hand, there exists a unique (nondegenerat) scalar 
product on Vi such that the highest weight vector |/,/) is normalized. This scalar product identify Vj with Vi and 
gives {I,m\I,n) = 5rnn- So we define (/,u| € SLq(2) ® Vj* by 

I 

(/,u| J2 S{u'jJ{I,rn\. (2.44) 

m— — / 

We have the following properties of the quantum group coherent state: 



^The coherent state defined here is slightly different from the one in [15]. For instance they have slightly different over-completeness 
relation. But both of them have the same classical limit as g — > 1. 
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Classical limit: If wc take the classical limit q — > 1, the matrix elements (a, b, c, d) in SU(2) can be parametrized by 
the Euler angles G [0, 47r], 6* e [0, vr], 02 e [0, 27r] 



a b 
c d 



i sin |e"^("*2"*i)/2 ^os |e~*('^2+"*i)/2 



(2.45) 



The coherent state |/, u) recovers the coherent state on classical SU(2) 



\I,u)^TT\cj,,,e,c^2)\I,I}=e^'^^ ^ 



21 



COS 



I+m 



I sm - 



I—m 



e™"^=|/,m). (2.46) 



Over-completeness relation: From the definition Eqs.(2.43) and (2.44), we have: 

/ 

/iSL,(2) (|/,U)(U,/|) = J2 l^i"^>(^ii^l^SL,(2)(W™/'5(w|„)) 
rn,n— — I 

In the last step we use the othogonality relation [4, 19] 



-21 



[2/ + 1] 



-2k 



Therefore we obtain the over-completeness relation 

lj^q-''[2I+l] /ISL,(2)(|/,U)(U,/|). 



(2.47) 



(2.48) 



(2.49) 



Overlapping function: A coherent state |/, u) is an element in SLg(2) (g) Vj, thus we define the overlapping function 
(/,Ui|/,U2) (assuming Ui and U2 are independent) as an element in SLg(2) (g)SLg(2). We can use the formulation 
of dual coherent state and write 

(/, ui|/, Us) (ni (g) na) = < 7r'^(S'(ni))7r^(n2)e| >=< (A ® id)AA{x'^^), (S'(ni) (g) na «) ef) > 

= < (5 (g) id g) id)(A g) id)AA{x'^'), (ui g) Ua g) e{) > (2.50) 

for all ni g) n2 G Ug(su2) (g Ug(su2). Therefore we obtain the identity 

(/,Ui|/,U2) (S'(gidg)id)(A(gid)A^(a;^^), e\ > 

Moreover since the coaction is a morphism of algebra, we have 

(S" (g id g) id)(A g) id)AA(a;^^) = S{a) g) a (g a: + S{b) g) c g) a; + S{a) g) 5 (g y + S{b) g) d g) y 

Therefore as a result 



21 



(2.51) 



(2.52) 



21 



(/, ui|/, U2)= S'(ai) g) 02 + 5(&i) g) C2 = di g) aa + (-g)6i ® C2 



21 



(2.53) 



The expression Eq.(2.53) shows manifestly the factorization property of the coherent state, which is essentially 
resulted by the fact that the quantum plane Cq[x, y] is a comodule-algebra and the coaction is a morphism 
of algebra. 

Normalization: We consider the squared norm of coherent state (/, u|/, u). Since the entries of both bra and ket 
are identical, the squared norm (/, u|/, u) is considered as an element in SLg(2) (different from the overlapping 
function). The squared norm can be evaluated by the property of antipode: 

/ 

(/,u|/,u) = J2 ^("/™) "™/ = l (2.54) 

m— — / 

Another way to see the normalization is from Eq.(2.53), by identifying Ui = Ua and replacing the tensor product 
by the SLg(2) multiplication. Then (/, u|/, u) = 1 follows from the unity of the quantum determinant. 
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3 Quantum Group Coherent Intertwiner 



3.1 Quantum Group Coherent Intertwiner and Q-Closure Condition 

The coherent intertwiner for SU(2) group [22] is widely used in the spinfoam formulation of LQG and its semiclassical 
analysis. Here in the context of quantum group SLg(2), a coherent intertwiner is defined by the following 

Definition 3.1. 

• Given n Shq(2) coherent states \Ii,Ui) ■ ,|/„,u„) belonging respectively to 'SLq{2) ®Vi^, ■■ ■ , SLg(2) (g) V7„ , an 
SLg(2) coherent intertwiner ||/, u ) : Vj^ (E) ■ ■ ■ <E) Vi^ — SLq(2)'*" is defined by 

(wi (g) • • • (g) w„||/, u ) := /isL,(2)( («i|7i"^H/i,Ui) (g • • • (g) (u„|7r^"|/„,u„) ^ 



hsL^i2)(^Yl{vr\Tr''^\Ii,m^)'j {I^,m^\Ii,u,) (3.1) 

{nii} i=l i=l 



for all Vi G Vj. 



• We can identify Vi G Vi- with a polynomial in the quantum plane C^[a;, ?/]2/; . Without loss of generality, Vi is 
identified with x^^"^y^^"^ . Then the objects (u|7r^|/, u) in the above definition are given by 

< (A (g id)A^(:E^+'"/-'"), ej > . (3.2) 

Given a polynomial function u € SLg(2) and a element x e Ug(sl2), we define a right action [> and a left action \> 
of X on u by (in terms of Sweedler notation®) 

X l>w := ^U(i) (x, U(2)) a; [>-u ^ (a;,U(i)) U(2) (3.3) 
(«) («) 

where ( , ) : Vq{sl2) x SLg(2) — )• C is the duality bracket between 115(512) and SLq(2). The right/left action satisfies 
the following properties 

, R R . R . L L L 

1) XX \> U — X\> [x \> u) XX \>U — X \> {x\>u) 

R ^ — A R R L ^ — A L L 

2) x [> (U1M2) = 2^ 2^(1) > "1 2^(2) 1> "2 a; > (M1M2) = > [>ui X(2) OW2 (3.4) 

{x) (x) 

for all x,x' e Uq(sl2) and u,ui,U2 G SLq(2). An action satisfying the second property is called a derivation. By the 
invariance of Haar integration, we have that 

^SL,(2)(a;[>u) = ft-SL,(2)(a; l>w) = ft.sL,(2)(u) =£(a;) /isL,(2)(w) (3.5) 
Given n polynomial functions ui, ■ ■ ■ ,Un SLq(2), by using the second property in Eq.(3.4), we have 

£(a;) /lSL,(2)('il ■■•■"«) = /lSL,(2)(a;l> ("1 • ■■"«)) = ^SL,(2)(X!^(l) ' ' ' ^(«) 

(x) 

(^),(") 

/lSL,(2)('«l • • -Un) = hsL^(2){x \> {ui ■ • • U„)^ = /jSL, (2) ( X! ^(1) ""^ ' ' ' ^(") 

= XI (^(i)'"i^^)"-(2^(")'"«^)'*SL,(2)(uf^---wl^^) (3.6) 

{x).{u) 

It turns out that the above relation generalizes the closure condition in SU(2) spin- networks (see e.g. [23]) to the context 
of quantum group. We consider the special case that x = X±,Xz where 

X+ = J+q-'% X_=q-''J_, X, ^ q-J' ~ '^J' (3.7) 

q- q 



^Sweedler's notation is used for the comultiplication Ax = ^(i) ® ^(2) A'^^x = ^(i) ^ ■ ■ ■ ^(n) ■ 
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For = J+q and X_ = q '^^ J_, we first assume n = 4 

A''^\j±) = (A «) A)A(J±) = Aq--'- (g) AJ± + AJ± ® Ag"'- 

= q^'^' (g) g""'^ (8) (g^-^^ (K) J± + J± (X) g-^" ) + (9^"^" (g) J± + J± (g) g"'^ ) (X) g'''" q'^" 
= q~-^' (g) g""'^ (g) q~'^' g) J± + g""'^ (g) q~-'' ® J±® q'^' + g"-^^ g) J± g) g-^^ g) g-^" + 

+ J± g) g"'- g) g"'- (g g''- (3.8) 

It is not hard to generalize the resuh to general n 

n 

A(")(J±) = E (g-^^)^'^-^^ J± (g^^)«("-^^ (3.9) 

Since A is a morphism of algebra, we have A(J+g~''^) = A( J+)A(g~'^'= ) and A(g^"'^ J_) — A(g^''^)A(J_). 
Therefore 



A(")(X±) = J2 {q-^^'f^"''^ ® X± ® (3.10) 

i=l 



For = g '^^ (g'-^= — g '^')/{q — q ^), since we have 



q 



q-q ^ J q-q ^ 



- E (9^'^)'''^''^ « ( '^r^r ) ® (3.11) 



i=l 

then 



A(")(X,) = ^ (q-^-hf('-'> X, 1®("-^) (3.12) 

i=l 

For = J^q^-'' , X_ = q^'^'J^ and X^ — g^'^^(g-^^ — g^'^0/(g — g^^), we have 

eiX±)^e{X,)^0 (3.13) 
We suppose the polynomial functions Ui = u^X ■ using the relation 

^«k)=E<c.^<?,. (3.14) 

Ci 

we obtain from Eq.(3.6) that (the indices Ci are summed in the fohowing relations) 

n 

- E <c, (9-'-'^ ) • • • (g-'-"^ ) (^) <;Yc.+. (1) ■ • • <"c„ (1) /^sL,(2) • • • 

n 

- E'^sL,(2)(<^.,---<rc„) <fc,('?"''^)---<r4_,('z-'-'o <b.(^) <r.U.(i)---"5„(i) (s-is) 



1=1 



for X = {X+^X^^Xz). Under the limit g — > 1, the above relation recovers the closure condition for classical Lie 
algebra 



= (3.16) 



represented on the integral /gu(2) ^5 "a^ci (s) ' ' ' ^anc„ (s)- Therefore we define a q-closure condition by 
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Definition 3.2. The quantum deformed closure condition (q-closure condition) is given by 



= A(-HX) = Y.{q-''''Y 



(3.17) 



imposed on a product of Vq{sl2) irreps Vj^ ■ ■ • V/^, for = J^q . = q '^^ J_ and Xz = q "'-{q'^' — 
q^'^' )/{q — q^^)- Under the limit q — > 1, the q-closure condition recovers the usual closure condition for classical Lie 
algebra = A^^L.^JX) = ElLi 1^^^"'^ ® ^ ® for X = (J+, J_, J,). 

From Eq.(3.15) it is not hard to see that the SLg(2) coherent intertwiner satisfies the q-closure condition 

A(")(X)||/,u ) = 0. (3.18) 
3.2 Squared Norm of Coherent Intertwiner and Higii Spin Limit 

Now we consider the squared norm of a 4-valent SLq(2) coherent intertwiner. This squared norm belongs to the tensor 
product space SL,(2)«'4: 



(/,U||/,U) = [(/i,U,;|/„a,) /lsL,(2)(n"aiC.^ 

{a} 4=1 i=l 1=1 

4 4 4 

= {h,u,\Ii,ai) ^SL,(2)(n"aU,) ^ {h,h\h,u. 



(3.19) 



where in the second step we have used the invariance of Haar integral. Each factor of ^/j, u^Itt^' u^^ in the integrand 
can be computed in the same way as we did for the overlapping function, i.e. 



(/„U,|7r^-|/„U,) - < (5®id«3)^(4)(^2/,)^ > 

(l 0)® 



S{a,) S{b,) 
Sic,) S{d,) 



a b 
c d 



(l 0)® 



dt {-~q)h 
{-q~^)ci a.i 



a b 
c d 



21 i 



21 i 



S{ai) (g) a (g) fli + S{bi) g) c (g) + S{ai) (E)b(E)Ci + S{bi) g) d g) q 

2/i 



2Ii 



1 a (g + {—q)bi ® c® ai + di 



(3.20) 



where A^^ = (A (g id (g id)(A (g id)AA. As the case for the overlapping function, the expression of (/i, Ui|7r^* u^) is 
factorized, due to the fact that the quantum plane C<j[a:,2/] is a comodule-algebra, whose coaction Aa is a morphism 
of algebra. 

We write down the Haar integral: 

4 



(/, u ||/, u ) = /isL,(2) ( JJ^ l^rfi <g a "g" a; + {-q)bi (g c ® + di (g 6 (g q + i-q)bi ig) d (g) Ci 



2Ii 



(3.21) 



There are a few explanation for the above formula: The above Oi=i '^^^ be considered as a usual classical product 
between different Uj = (ai, bi, Ci, di) and Uj = (oj, bj,Cj,dj), but on the other hand, it should be considered as a SLq(2) 
product for the variables {a,b,c,d), which should be integrated afterward. After the integration, the tensor product 
(g between the variables from the same (e.g. di and Oj in the first term) should be replaced by the SLg(2) product 
between them, because they belong to the same copy of SLg(2) as we are computing the squared norm of the coherent 
intertwiner. 
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The aim of this section is to study the large spin asymptotics of the squared norm (/, u ||/, u ). The large spin 
limit in the context of quantum group is slightly different from the case for the classical group. The difference is 
that we should not only scale the spins, i.e. li are relpaced by \Ii with A — > oo, but also at the same time scale the 
deformation parameter, i.e. q = e~" are replaced by q\ = e~^^^ with A — > oo, while keeping lito ^1. In [7], such 
a large spin limit was taken to find the asymptotic behavior of quantum 6j symbol corresponds to a path integral 
quantization of 3-dimensional gravity with a cosmological constant. 

The integrand in Eq.(3.21) is understood as a quantum group deformation of the quantity Jli=i {3iT^i\h\iii'^i) 
for classical SU(2), and this deformation is valid for arbitrary complex number q. Furthermore, we can write the 
integrand into an expression as . 

4 

l^di (g) a (g) Oi + {-q)bi g) c (g + g) 6 g) Ci + {-q)bi ®d®Ci 



2Ii 



i=l 
4 



_ g2/i log ^di0a0ai + {-q)bi0c0ai+di0b0Ci + {-q)bi 
i=l 

_ pI2t=i log [di»a»ai + {-q)bi<g)c0i)ai+di»b»Ci + {-q)bi»di»Ci'\ +Rbch 



(3.22) 



where the exponential and logarithm are understood in the same way as they are defined for matrices. Rbch denotes 
the terms obtained through the Baker-Campbell-Hausdorff formula. For example, for two noncommutative variables 
X and Y 



Rbch := log(e^e^) ^(X + Y)^]^ [X, Y] + 
We denote the quantity on the exponential in Eq.(3.22) by 

Rbch 

di® a® ai + {—q)bi g) c ( 



(3.23) 



S :— Sci 

4 

Sci-^Y. log 



+ (ii g 6g Cj + {-q)bi 



(3.24) 



If we make the replacements li i— >■ A/^ and q^ q\ = e~^^^ and take the limit A cx), Sd goes asymptotically to the 
corresponding quantity from a classical SU(2) group, i.e. as A — >■ cxd 

4 



A ^2/, 



1 1 

2' 2 



n,- ^ h n,; 



1 1 

2' 2 



where n^, /i G SU(2) and 



fli bi 



h = 



a b 
c d 



(3.25) 



(3.26) 



This expression Eq.(3.25) are employed in [22] for the high spin asymptotic analysis for the classical SU(2) coherent 
intertwiner. For the additional quantum group contribution Rbch, it involves the commutators and all higher-order 
commutators between different 



21, log 



{-q)b^ 



a^+di 



{-q)h 



(3.27) 



We first consider the commutator [Xj,Xj]. Firstly [Xi,Xj\ proportional to lilj, and it also gives the quantum group 
corrections to Sci, which should be a term proportional to cj plus the higher order terms of lo. Therefore 



[Xj, Xj\ = IJj ujfij{ai, bi, di] a, b, c, d) + o{lo'^) 



(3.28) 



where fij is a function of the variables {ai,bi, Ci, di) and {a,b,c,d). If we make the replacements li i— ?> Xli and 
q ^ qx — er'^^^ and take the limit A oo, for the leading asymptotic behavior of [Xi, Xj] 



[Xj, Xj] ^ X uj Iilj fij{ai, bi,Ci,di;a, b, c, d) 



(3.29) 
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where the variables {ai,bi, Ci, di) and {a,b,c,d) in fij behave classically in this limit. Similarly for the second-order 
commutator [Xi, [Xj, Xk]], it is proportional to liljik and also gives corrections to the order uP' and higher order terms 
of ljj, i.e. 



[Xi,[Xj,Xk]] ^ IJjIk Lo'^fijkiai,bi,Ci,di;a,b,c,d)+o{u^) 
Under the scaling li i— Xli and q\ = e^"^/^ and taking the limit A — > cxo 

[Xi, [Xj, Xfc]] ^ A liljik fijk{o-i, bi, Ci, di] a, b, c, d) 



(3.30) 



(3.31) 



where the variables (a^, bi, Ci, di) and (a, b, c, d) in fijk also behave classically in the limit A — oo. All the higher-order 
commutators can be analyzed in the same way. We obtain that for a (n — l)-order commutator 



[Xi-^ , [Xi2 , {' ' ' , {^in-i : ~^in ] ' ' ' ] ^ A li^ • • • li^ fi-^^...i^(^(li,bi,Ci,di,Cl,b,C,d^ 



(3.32) 



As a result, under the scaling /j n- Xli and q\ 
Rbch behaves asymptotically as 



■^/^ and taking the limit A — oo, the quantum group correction 



Rbch ^ X^'^'"' ^ ^ /,^...j„(ni; /i) 

71=2 i\---in — l 



(3.33) 



where we have redefine the functions fii---i„ by absorbing the numerical factor in front of each terms from the Baker- 
Campbell-Hausdorff formula. Under the limit A — > oo, each /i^...,^ (n^; ft,) can be understood as a classical function 
in terms of classical SU(2) variables and h. Moreover if we assume liU <C 1, the asymptotic behavior of Rbch is 
dominated only by the single commutator terms 

4 

Rbch ^ X uj ^ Ijlk fjk{ni; h) = R^ (3.34) 

j,k=l 

To summarize, we obtain the high spin asymptotic behavior of S by 

4 



off 



A 5] 2/, 



1 1 

2' 2 



n, ^ h n," 



1 1 

2' 2 



+ A a; ^ Ijik fjk{ni; h) 



(3.35) 



where ni,h are the classical SU(2) variables. 

Recall Eq.(3.21) that the squared norm of coherent intertwiner is a Haar integration of the integrand e'^. But since 
the integrand now becomes a classical function of SU(2) in the high spin limit, we argue that the Haar integration 
^SLg(2) recovers the classical Haar integration on SU(2) in this limit. The reason is the following: suppose we expand 
the integrand , where 5 is given by Eq.(3.35), into power series of the matrix element of /i G SU(2) (the matrix 
elements of h are the integration variables), e'^ is asymptotically a classical function of SU(2) under the high spin 
limit means that permuting the matrix elements of h doesn't affect the asymptotic behavior of . Suppose the matrix 
elements of h are (a, b, c, d), the quantum Haar integration /isLg(2) is a functional that 

hsL,(2){a''bf'c^d') ^0 only if a^6 

i-qr 



and P = ^ 



'■SL,(2) 



{{bcT) 



Since in the high spin limit, we scale the deformation parameter q q\ — e^^^^, as A 
integration /isL,(2) recovers its classical limit as a Haar integration on SU(2). 
In the end, the high spin limit of (/, u 1 1/, u ) is given by 



(3.36) 

oo the quantum Haar 



dh e^-« 

/SU(2) 

5cff = Sci + Rui 

4 

= A^2/aog 



as A 



1 1 

2' 2 



n ■ ^ h n," 



1 1 

2' 2 



+ A cj ^ Ijik fjkini;h). 



(3.37) 
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3.3 Quantum Group Correction to Coherent Intertwiner 

The purpose of this subsection is to give a explicite expression for the quantum group correction in ^efj. The 
contribution comes from the commutator where 



Xi = 27ilog 



di 



where = (g) a ® + {—q)bi ® c® ai + di ®b® Ci -\- {—q)bi 
of formal power expansion of logXj: 

[XuXj] = 47,7,[logX,,logX,] 



{Xi-l)--{Xi-lf + -{Xi-lf + 



®b(g}Ci + {-q)bi ®d®. 

(3.38) 

) Cj. Then we compute the commutator in terms 



47^7,- (1 - (X, - 1) + {X, - If 
4IJ,X-'[X,,X,]X~' 



[Xi,Xj] (1 - (X, - 1) + (X, - 1)2 



(3.39) 



where we use the expression of formal geometric scries in the last step. As wc have shown previously, the resulting 
quantity of the commutator should recover its classical contcr-part in the high spin limit. After the computation of the 
above commutator, we can freely permute among Xj^^,Xy^, [Xi,Xj], and their commutators only gives subleading 
contributions. Each Xj is treated as a classical functions on SU(2). Moreover we can also assume the above commutator 
is a quantization of a certain Poisson bracket, then the above result is obtained as the first order of h. 
In the high spin limit, 



X,, 



1 1 
2' 2 



n ■ ^ h n. 



1 1 
2' 2 



(3.40) 



So we only need to compute the commutator [Xi,Xj]. As the leading contribution: 
[Xi,Xj] 

[[di a (g) a, + 6, (g) c (g) ttj + (g) 6 Cj + 6i (g) Cj) , (dj a + 6j c + rfj 6 cj + 6j Cj)] 
= [d, a flj, 6j c aj] + [rfj a a^, 6 Cj] + [rfj a a^, bj® d® Cj] + 

+[6j c Oj, dj®a® aj] + [6i c aj, dj®b® Cj] + [6, c a^, bj® d® Cj] + 

+[di ®b®Ci, dj®a® aj] + [dj 6 Cj, bj®c® aj] + [dj 6 Cj, bj ®d® Cj] + 

+\bi I® d® Ci, dj® a® aj] + [6i d Cj, bj ® c® aj] + [6i d Cj, dj®b® Cj] 
~ (jj\ac{dibj — bidj)aiaj + ab{aiCj — CiGjjdidj + 2bc{dibjaiCj — bidjCiUj) 

+cd{aiCj — Ciajjbibj + bd{dibj — bidj)ciCj] (3.41) 

where in the first step wc put g ^ 1 in the expression of Xi by ignoring the subleading contributions, and in the last 
step we replace all the variables by classical SU(2) matrix elements (a, b, c, d). 
By using the Baker-Campbell-Hausdorff formula 



gXlgX2gX3gX4 



^ ^Xi+X2+X3+Xi + ^j:^^.[Xi.Xj]+- 



(3.42) 



where we ignore the higher order commutators. Therefore we obtain the expression of the quantum group correction 
Ru in the high spin limit 



R^ 



hi, 



i<j 



{ni\h\ni) {nj\h\nj} 



ac{dibj — bidj)aiaj + ab{aiCj — Ciaj)didj + 



+2bc{dibjaiCj — bidjCiaj) + cd{aiCj — Ciaj)bibj + bd{dibj — bidj)ciCj 



(3.43) 
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where |n) = n|l/2, 1/2) and 



ai bi 



h = 



a b 
c d 



(3.44) 



are classical SU(2) group elements, rij are the SU(2) group elements rotating the direction z = (0, 0, 1) G M? into a 
direction e S"^ C M"^. If we parametrize the unit vector hi and the SU(2) variable by the complex coordinate 
z, z on the sphere 



n, 



1 / 1 

-1 



We can also parametrize the SU(2) group element h by 

h = + ip ■ a = 7] \/l — p'^ + ip- a 



(3.45) 



(3.46) 



where ai are Pauli matrices and rj = ±1. In this paramctrization SU(2) ~ splits into two hemispheres B± 
corresponding to = ±1. The SU(2) Haar measure can be written by 



(3.47) 



In terms of these parametrizations, the classical part Sd reads 



Sci^ 2h \Qg{Pn + ip-fii) 



(3.48) 



and the quantum group correction reads 
= 2Aw^ 



hi, 



(p,, + ip- h^){pjj + ip- hj){l + |zi|2)(l + |zj|2) 



{Pi + ip2){zi - Zj){p3 - iri^/l-p^) + 



+Zj \zj{pi + ip2){-izir]yj I -p2 _ p^Zi + 2pi - 2ip2) + [pi - ip2){P3 - i-vV'^ - P^) 



+Zi<{p2+ipi) \zj\'^{r]^/l -p2 _ jpg) +r]^/l - p2 _|_ - Zj{pi - ip2){pz + ir]\/l - p"^) + 



+{Pi +iP2){-iZjTly^l -p'^ -PsZj +2pi - 2ip2) 



(3.49) 



The high spin asymptotic behavior for the squared norm of quantum group coherent intertwiner is determined by the 
stationary phase analysis of the integral 



d^p 



-y , 



(3.50) 



In the case of a classical SU(2) coherent intertwiner the stationary phase analysis is studied in [22], where in the case 
of a nondegenerate configuration of n^, the saddle point of Sd gives a flat tetrahedron with p = Q ov h = \. The faces 
of tetrahedron have areas (i = 1, • • • , 4) and have normals (i = 1, • • • . 4) in M^. The quantum group correction 
deforms the critical point of Sd- The critical point of S^s = Sd + Ru is expected to imply the non-flatness i.e. 
p 7^ or /i 7^ 1, which is expected to give a curved tetrahedron at least for some certain values of a; (so far w is an 
arbituary complex number). A detailed stationary phase analysis of the above intergral will be reported eleswhere 
[24]. 



- 16 - 



4 Quantum Group Spinfoam Vertex 



4.1 Quantum Group Vertex Amplitude and High Spin Limit 

The same technique can be apphed to the asymptotic analysis of the quantum group spinfoam vertex amplitude. First 
of all we recall that the Euclidean EPRL spinfoam vertex can be written as the follows, if we choose the Barbero- 
Immirzi parameter 7 < 1 (see. e.g. [13] for details) 

5 



i—1 i<j 



where P^^^^ are the coherent propagator given by 



(4.1) 



7± - 7± - ^fc- 
Jii Jji n '^i. 



(4.2) 



here |jj^,ny) are the coherent states on classical SU(2) and n^ and gf are the group elements in classical SU(2). 
Moreover the coherent propagator can be factorized into 



i9t)-'9t 



2 



/ I 



2 ^ 



{9i)-'9- 



Therefore we can write the vertex amplitude A1 into the form 

5 



^^'epr.l (^ij '"ij 



(4.3) 



(4.4) 



where 



{9tr'9t 



nj» ) + 2j„- log 



i9~, 



(4.5) 



The expression Eq.(4.11) is the starting point of the asymptotic analysis for the EPRL spinfoam model in [13], where 
the asymptotic formula of A^'^^ is given by the stationary phase approximation of the integral of Eq.(4.11). 

In order to define a quantum deformed spinfoam vertex amplitude suitable for the high spin asymptotic analysis, 
we can firstly define a quantum group version of the coherent propagator Pij^^ ■ Thus we consider the quantum 
deformation of the object 

{jij,^^^J\9i^9j\jJi, nj«) = {j^jJ^J\n:r.^g^^gJnJ^\jij,j^j) (4.6) 

We know from the previous discussions that it corresponds to the following quantity in the context of quantum group, 

< a;2^•^ S{nij)S{g^)gjnj,e'j'^ >=< {S d) S id^^)A^^'>{x'^^'^), (n^ (g) (g) gj d) Uj, ® e^^p > 

W n,j,g,,gj,nj, eVqish) (4.7) 

Therefore the quantum group version of (^jij , jij\rx[j^ g^^ gjUjiljij , jij) is an element in SLq{2)^'^, given by 

< (5(g^(»id®3)A(5)(a;2^'.), > 



(i„) 
('») 



S{aij) S{btj) \ I S{ai) Sih) \ ( aj b 



S{c,j) S{d^J) 
^ij ^ij 



S{c,) Sid,) 



Cj dj 



n 2Ii 



-qbi 



^3 ^ [ ^3^ bjt 

\ Cji dji 



Cj dj 



21: 



(^dij <Si di + bij ® (g) {ttj g) aji + bj g) Cj^ + {-q) (^d^ ® fej + bij d g) {cj g) a^j + dj d Cjj^ 



(4.8) 
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which has an factorized expression. Therefore we can also write it in a form Hke e'^ 
We now define a quantum group coherent propagator V^^"^^ by 

>7<1 



(4.9) 



> 



2/± log 



[dijl»df+bijl»cf)»(^af^aji+bf0Cji)+{-q)(^dij0bf+bij0af)0(^cf0a.ji+df0Cji) 



+ 1±7 
With Zy. = -^K,j 



(4.10) 



where u.^ denotes the quadruple (a.y, 6^^, Qj, dij) and similar for xxji, u^, u^, the multiplication of the two exponentials 
are non-commutative multiplication because it involves the multiplication between the variables from the same vnj 
and between the variables from the same Wji. The quantum group spinfoam vertex amplitude A1^^ is then given by 
the integration 



where an ordering is assigned for the product ni<j- 



(4.11) 



i<j i<j 




Figure 1. The graph. 



However the above definition of the vertex amplitude is heuristic since we ignore the universal i?-matrix and the 
ribbon element ^i^^ in the definition of V^^^. In principle we should take them into account in order to define the 
vertex amplitude as an invariant of Ug(s[2) representation^. Suppose we consider the vertex amplitude given by the 
following graph (the in [1, 12]). In Fig.l, we order the nodes from left to right. Each oriented link lij from node i 
to node j denotes a coherent propagator V]^^. For the generic cases with i < j, 



5(7r,->/^- 



(4.12) 



which gives Eq.(4.10). However for the link lij from i to j with i > j, e.g. V^^l. in the case of F^, a ribbon element 
should inserted in the coherent propagator 



= (4:U5i 5(4-)^^-(A.-i)7r[- 



-^51' "15 



(4.13) 



^Here we assume q is an arbitrary complex number since we define the model with SLq(2). But in the case of q root of unity, in our 
opinion, the vertex ampUtude here coincides with the EucUdean vertex ampUtude proposed in [2], once we implement the ii-matrix and 
the ribbon element. 
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There is a crossing between Z13 and I24 in . So a i?-matrix should be inserted in their coherent propagators. If we 
write the _R-matrix in the form i? = _Ri i?2, then 



•p7<i-p7<i 

' 13, ±' 24,± 



-^24' "42 



(4.14) 



We can compute V^^l. and show that it has a factorized expression 



P5^<i = < (^(^5(^id^^)A(6)(:E2/5i)^ ., 



(1 0)® ( "^"'^^ 

\ S{c5i) S{d5i) 



2/bi log 



1 



( ^(asi) 5(651)' 
V 5(051) S{d5i) 



(8) • • • (g) ^ (g) • ■ 

■5(05) ^(^5) V 

5(c5) 5(d5) ; 
■5(05) 5(&5) 

5(C5) 5(d5) 



• • c 











:)«( 













2/51 



(4.15) 



If we replace q hy qx — e and take the limit A — > 00 




(4.16) 



Therefore if we scale both the spins and the deformation parameter i.e. lij 1— > Xlij and q^ q\ = e '^/^^ and take the 
limit A — >■ 00 



lognT'^2AJ5ilog 



(1 0) 



5(a5i) 5(651) 
5(c5i) 5((i5i) 



5(05) 5(65) 
5(c5) 5(4) 




(4.17) 



where the contribution of is negligible in the high spin limit. Moreover also doesn't contribute to the leading 
correction terms in Rbch- As the previous analysis of Rbch, the leading correction terms are proportional to w 
which comes from the commutators. So the leading contribution of /i^^ = 1 + o{uj) is 1. As a result, the contribution 
from the ribbon element fi^^ can be ignored in the high spin asymptotic analysis. The same argument can also be 
applied to the coherent propagators with _R-matrix, e.g. Vi^^V24'±- Therefore as far as the asymptotic analysis is 
concerned, we can ignore the ribbon element /i^^ and the i?-matrix in the definition of the vertex amplitude. The 
asymptotic behavior of the vertex amplitude Eq.(4.11) is the same as the one with /i^^ and i?-matrix implemented. 

In the same way as the previous analysis for the squared norm of coherent intertwiner, we can express the integrand 
in Eq.(4.11) as 



7<1 _ f,S-, 



(4.18) 



i<3 



where 



Sy<o = EE 24 log [(^^: 

i<j e=± 



) + (g) cl) (g) (a^j (g) Cj, + b^j (g Cji) + 



+(-g) {dij (E)bl + hj g) a-) g) (cj g) aj, + d) g) Cji) 



Rbch 



(4.19) 



Here Rbch denotes the terms obtained through the Bakcr-Campbell-Hausdorff formula. 

We now study the high spin limit of iS.y<o, by scaling both the spins and the deformation parameter I^- 1— Xlfj 
and q f-^ qx = e^"/'^, and taking the limit A 00, while keeping I^uj <^ 1. Under this limit, the first term in Eq.(4.19) 
recovers the corresponding quantity for classical SU(2), which is nothing but the high spin limit of 5^p^^ 



C'7<1 
'-'EPRL 



aE 



with 



1 



(4.20) 
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The high spin hmit of the quantum group corrections Rbch can be studied in the same way as we did for coherent 
intertwiner. Rbch involves the commutators and all higher-order commutators between 



Xtj ^ 24 log 



{dij (8) + bij (g) C-) (g) (a'j (g aji + b'j (g) Cji) 
+{-q) (dij (g) 6^ + bij (g al) (g (cj (g aji + d j (g Cji) 



(4.21) 



We first consider the commutator [3£^j,3£^^]. Firstly proportional to Iljl^i, and it should be a term propor- 

tional to uj plus the higher order terms of w. Therefore 



(4.22) 



If we make the replacements if- ^ XI^ and q Qx = e '^/^ and take the limit A — ^ 00, for the leading asymptotic 
behavior of [X- j , Xg] 



(4.23) 



where the function J^ij^/^i behave classically in this limit, so we denote it by ^Ij^i'o.ij , gi) in terms of classical SU(2) 
group element njj,g'j. Similarly for the second-order commutator [X-j, it is proportional to I^jl'^ilmn '^^''^ 

also gives corrections to the order and higher order terms of lj, i.e. 



\r-ij > \r-kl ' -^mn\ 



rei Ji2 Jii 

ij kl mn 



Under the scaling 1-^ XI^ and q\ = e and taking the limit A ^ 00 

[Xjj, [X^;,X^„]] ~ A lijl^ilmn ^ ■^ij,kl,mni^ij' 9i) 



(4.24) 



(4.25) 



where the function J^-j'j^i^!^^ also behave classically in the limit A — >■ 00. All the higher-order commutators can be 
analyzed in the same way. We obtain that for a (n — l)-order commutator 



iiji ' ' ' inj-n iiji,-" ,in3'. 



(4.26) 



As a result, under the high spin hmit, the quantum group correction Rbch behaves asymptotically as 

00 

Rbch XJ2^--' E E " " " ^„ •^i;^:^ , w„ K , 5.) 

n=2 ii<ji---in<jn <^i,--- ,e„=± 



(4.27) 



where we have redefine the functions J^i^j^^.". by absorbing the numerical factor in front of each terms from the 

Baker-Campbell-Hausdorff formula. Under the limit A — >■ 00, each ^ j {nij,gi) can be understood as a classical 

fimction on SU(2). Moreover if we assume ifu) <C 1, the asymptotic behavior of Rbch is dominated only by the 
single commutator terms 



Rbch^Xuj E E IijIuJ^B(^iJ,9d 

i<j,k<l £1 ,e2=± 

As a result the high spin asymptotic behavior of >S^<i defines an effective quantity >S7<i,efi 

/I 



<5-y<i ^ >S7<i,eff A 



2J^log^-,n,, 



log( -,n,j 



E E 

i<j,k<l ei,e2=± 

, 1±7 
with If. = -^Kij 



(4.28) 



+ 



(4.29) 
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Under high spin hmit, all the quantum group variables in 5-y<i behavior classically. The resulting asymptotic behavior 
of iS^<i is a classical function over SU(2) variables, while all the quantum group corrections are given by the terms 
proportional to w, i.e. 



i<j,k<l ci ,C2 = ± 



(4.30) 



Furthermore in the definition Eq.(4.11) of vertex amplitude Al'^^, the Haar integration h®^ recovers it classical 
limit as A 00, in the same reason as the previous argument for the squared norm of coherent intertwiner. Therefore 
in the high spin limit, the asymptotic behavior of quantum group vertex amplitude A1^^ is given by 



(4.31) 



where A?J^^]^ defines an effective vertex amplitude with quantum group corrections taken into account. 
4.2 Quantum Group Correction to Spinfoam Vertex 

The quantum group correction TZ^ for the vertex amplitude can be written in terms of the commutators via the 
Baker-Campbell-Hausdorff formula 



7^. 



9 E [-^ij'-^fci] 



(4.32) 



note that for the definition of the vertex amplitude Eq.(4.11), an order has been assigned for the pairs (i,j). This 
correction can be computed explicitly in a similar way as we did for the coherent intertwiner. We denote 



^4 = 



(10) 



q Cij dij J 

= {d,j (g) d- + (g) C-) (g) (aj g) ttj, + &j g) Cj,) + {-q) (d, 
= 24 log 



Cj dj 



K + bij g) a-) g) [cj g) Qji + g) Cjj) 



Then the commutator can be computed via 



kl 



in the high spin limit. The high spin asymptotics of X^- is its classical group counter-part 



Xj 



1 

2 ^ 



(4.33) 



(4.34) 



(4.35) 
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For the commutator [Xfj,X^i], it is not hard to see that it vanishes if e ^ e'. When e = e', with a tedious computation 
we obtain that (* denotes the matrix element which does't affect the result) 




(4.36) 



where we ignore the ± for the matrix elements {af, bf,cf,df), and 

\cf df J \Cij dij J ^l + \zij\^ \-Zij Ij 

are classical SU(2) group elements, njj are the SU(2) group elements rotating the direction z — (0,0, 1) S into a 
direction hij e 5^ C M^. We have parametrized riij in terms of the complex coordinate Zij,Zij on the sphere S^. 



5 Conclusion 

In this work wc analyze the high spin asymptotics for both the squared norm of coherent intcrtwincr and the Euclidean 
vertex amplitude in the context of quantum group. We express both of them in terms of Haar integrations over quantum 
group, and show that in the high spin limit, they can be written as a classical integration over classical group. Moreover 
we identify and compute the quantum group corrections to both coherent intertwiner and spinfoam vertex amplitude. 

For both quantum group coherent intertwiner and vertex amplitude, the resulting ^eff and «S^<i,efi are now ready 
for the stationary phase analysis. We should further carry out the stationary phase analysis to both of them, in 
order to see (1.) whether the high spin limit of coherent intertwiner corresponds to a curved tetrahedron, and (2.) 
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whether the high spin Hniit of the vertex anipHtude corresponds to a curved 4-simplex, whose curvature comes from 
a cosmological constant, and whether the vertex ampUtude gives a Regge gravity with a cosmological constant as its 
high spin asymptotics. In addition, about the coherent intertwiner, it is also interesting to study its expectation value 
of the geometrical operators (e.g. area and angle), in order to understand in detail the effective classical geometry 
obtained from quantum group. 

On the other hand, the technique developed in this article can be carried out also for the Lorentzian quantum 
group spinfoam model. The asymptotic analysis of the Lorentzian quantum group spinfoam vertex will be studied in 
[24]. 
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